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Abstract—Owing to the multimodality of the constant
modulus (CM) cost surfaces, poor initializations of the adaptive
blind equalizer (BE) employing the constant modulus algorithm
(CMA) may converge to undesired local minima, thus preventing
the adaptive BE from opening eye. This paper conducts
theoretical analyses via the CM cost surfaces and demonstrates
that the use of the BE in tandem with a whitening filter (WF)
may still open eye even if the BE based on the CM criterion
converges to an undesired local minimum, whereas in the same
situation the use of the BE alone may not achieve eye opening.
Computer simulations were also conducted to verify our results.

Keywords—Blind equalization, constant modulus algorithm
(CMA), minimum output energy (MOE) criterion, whitening filter
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I. INTRODUCTION

Constant modulus (CM) criterion is the most widely used
blind equalization criterion which can successfully mitigate the
effect of channel by employing the knowledge of the known
constellation of the transmitted signal [1], [2]. Labat, Macchi
and Loat [3] proposed an adaptive blind decision feedback
equalizer (DFE) employing an infinite impulse response (IIR)
all-pole whitening filter (APWF) followed by a blind equalizer
(BE). Consequently, the whitening filter (WF) based on the
minimum output energy (MOE) criterion may produce an
uncorrelated input sequence to the BE to increase the
convergence speed of the BE based on the CM criterion. Lim,
Kennedy and Abhayapala [4] then proposed an adaptive blind
DFE employing a finite impulse response (FIR) all-zero
whitening filter (AZWF) to replace the APWF in [3] in order to
avoid some of the potential problems with adaptation of the I[IR
WFs in [3]. More recently, an adaptive blind DFE employing
an IIR zero-pole whitening filter (ZPWF) has been proposed in
[5] to replace the APWF in [3] and the AZWF in [4] since the
ZPWF may not only reduce computational complexities but
also improve performance of the adaptive blind DFE in terms
of both the rate of convergence and the steady-state mean-
squared error (MSE).

In order to analyze both the transient behavior and the
steady-state performance of filters using the stochastic gradient
descent (SGD) algorithms to minimize the cost functions, the
surface plots of the cost versus the coefficients of the filters are
widely used, such as the output error surface in the system
identification field [6]-[8], and the CM and MSE cost surfaces
in the channel equalization field [2]. This paper employs the
CM cost surfaces to analyze the BE employing the WF as a
pre-processing filter. Analyses of the BE based on the CM
criterion in the previous papers [9]-[11] were conducted under
the condition of the input sequence of the BE being white
owing to the use of the WF followed by the BE. However, in
practice, the output of the WF may not be perfectly white
unless the chosen WF matches perfectly the underlying channel,
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which is usually unknown. Moreover, since the CM surface is
multimodal, the choice of initialization of the BE affects both
the convergence speed and the steady-state performance [2]. If
the adaptive BE chooses an inappropriate initialization, it may
be temporarily captured by saddle points and/or may converge
to an undesired local minimum. To our knowledge, this paper
demonstrates for the first time that the use of the BE in tandem
with the WF may still very likely open eye even if the adaptive
BE converges to an undesired local minimum. Moreover, this
paper analytically verifies that the WF followed by the BE has
better steady-state performance than the use of the BE alone
from the CM surfaces without assuming that the input
sequence of the BE is white. Computer simulations were also
conducted to verify that the WF followed by the BE has a
faster convergence speed than that of the use of the BE alone.

II.  BACKGROUND

A. System Model

Channel Equalizer Decns.lon
device
1
s —] o 2@ re P2 o0 i)
w(n)
AWGN

Fig. 1. Baseband model of SISO communication systems.

The baseband single input and single output (SISO)
communication system model is depicted in Fig. 1 in which the
transmitted source symbol, {s(n)} , is assumed to be
independent and identically distributed (i.i.d.) with variance

0'3 . The channel noise, {w(n)}, is assumed to be the additive

white Gaussian noises (AWGN) with variance O'VZV, and the
source symbol is assumed to be uncorrelated with the channel
noise. The z-transform of the non-minimum phase IIR
autoregressive-moving-average (ARMA) channel model can be

expressed as C(z) such that [12]

M i
Cz(2) _ zi:ScZ,i -z
Cp(2) 1+Z§4=}10P,j -z

where ¢, ,, i=0,..., M, , represent the coefficients of the

C2)=

@)

th .
M7 -order numerator, and Cp s ] =1,...,M,, represent the

coefficients of the M4 -order denominator. The ARMA
channel model in (1) can be reduced to the moving-average
(MA) channel model and the autoregressive (AR) channel
model by setting Mp=0 and M, =0, respectively. As
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depicted in Fig. 1, the received input, r(n) , can then be
expressed as

r)=[ 3 csi== 2 e A=) [+ wn) @)
where /(n) is the channel output. The output of the equalizer,
F(z),
0O{.}, which, in turn, generates the estimated symbol of s(n),
s(n).

It has been demonstrated in [3], [5] that the ARMA

channel in (1) can be decomposed into a real-valued
attenuation factor (77), amplitude distortion (C,p(z)) along

is y(n) , which is the input to the decision device,

with phase distortion ( Cpp(z) ). Consequently, (1) may be
rewritten by

HM21 (1- Czi; Z—l) HMZZ(CZO ; Z—l)
= 7 -
attenuation H j=1

amplitude distortion ( 3)

—1
f=cp j27)

My, -1
. Hj:] (I=cz,j727)
Mgy o x -1
H_/:] (cz0,;=2 )

phase distortion

=1-Cyp(2)-Cpp(2)

where My =Mz +My, ; ¢z ; and ¢y, ; denote the zeros
inside and outside the unit circle, respectively, such that

|CZi, j| <1 and |cZO, j| >1; cp; denotes the pole inside the unit

circle such that |cpl~’ j|<1 . Accordingly, the amplitude

distortion ( C 45 () ) is a minimum-phase system, and the phase

distortion ( Cpp(z) ) is an all-pass system such that
|Cpp(2)|=1.

B.  Equalizer F(z)

y(n)

Equalizer ( £(2))
Fig. 2. Structure of the equalizer, F(z), with WF.

The attenuation (7 ), amplitude distortion (C,,(z)) and
phase distortion ( Cpp(z) ) described in (3) can be

compensated by a gain controller (GC), WF and BE,
respectively. The equalizer ( F(z)) in Fig. 1 is composed of

GC, WF and BE as shown in Fig. 2. The GC is a filter with one
single real-valued tap weight, and its output can be expressed
as

((n)=g-r(n) 4
The general form of the WF is a ZPWF [5]
N _
14+4,(z) 14D ag; 2"
1+ 4p(2) I+Zjv=’1{ ap, 7/
whose output can be expressed as

u(n) = 1)+ Y1 az - tn—i) - 3

A(z) = (5)

ap,j-u(n=j) (6)
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where ay; , i=1~N,, ,

and ap ;, j=1~N, , are
complex-valued tap weights of the ZPWF. When N, >0 and

» =0, (5) is reduced to the AZWF, A(z)=1+4,(z),
proposed in [4]. When N,, =0 and N,, >0, (5) is reduced
to the APWF, A(z) =1/[1+ 4p(2)], proposed in [3]. The BE is
an FIR equalizer whose output can be expressed as

y(m) =Y % by -u(n—i)=b" u(n) ™

where b =[bo bNBJ denotes the vector-valued tap

weights of the BE, and u(n) =[u(n) - u(n—NB)]T )

III. OPTIMAL WF BASED ON MOE CRITERION

The MOE criterion is based on the second-order statistics
such that the cost function can be expressed as

E{u(nf}{Eﬂ () |2}-zjz.gf>UC(z>-g-A(z)2ﬂ
{E{Iw(n)l ;- —36 - Az )“ﬂ

:|:O'S2.(J(, ‘g C(z2)- Al(z)‘2 dz:|

2
+|:O-w i

dz
ij’U‘ Ak }

where the integration is taken in the counterclockwise
direction along the contour U which denotes a closed contour
within the region of convergence (ROC). For a system to be

stable, the ROC of E{|u(n) \2 } must satisfy |z| <1 implying

®)

that all the poles of C(z) and A(z) are inside the unit circle.
Substituting (3) into (8) yields

E{u(n)z}{a —qﬁ |27 Cap(2)- Cop(2)- A() P "Z}
+[a§«cﬁ g A dz}
=o' { - |Cap(2)A(2) dz}
IZ'

2 2 2 dz
058 ‘L,,j%/‘@ }

where |CPD(z)|:1 has been used in deriving (9). Dividing

(©)

O'S2 on both sides of (9) yields a source-power-normalized
output energy (OE)

Jop=g’n*- { -, | Cap()AE) P d}

g { 1 4P dz}

where A =02 / o? . Owing to the fact that the GC and the WF

(10)

can be designed separately, and, furthermore, the WF is the
main focus of this paper, the following assumption is made to

simplify the derivations of J,f .
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Assumption (A): The GC has been perfectly designed such
that g =1/n, which utterly compensates for the attenuation

(1) from the channel in (3)
Based on Assumption (A), (10) can be rewritten as

_ 1 2 dZ
Jor = [% P, Can(4(2)| 7}

ﬂ 1 2 dZ
o a0 7]

(11)

noise enhancement
where the second term on the right-hand side of (11)
represents the noise enhanced by the GC and the WF.
Applying the Residual theorem [13] to (11) yields

L —_
Jor =Zi=l1Res[| Cip(DA)[P 27 atpole pi:|

+(A/1?)- Z?; Res[| AP -z atpole ¢ J

where Res[X(z) atpole x| denotes the residue at x ; p, ,

(12)

i=1~1Ly,and q,, j=1~ L,, denote, respectively, the poles
of [| Cup(2)A(2) P z_l] and the poles of [| A(z)[ =], all
of which are inside the ROC.

In the noiseless case, since the WF is used to compensate
for the amplitude distortion caused by the channel, it would
not be difficult to show that the optimal WF will be exactly
the inverse of the amplitude distortion caused by the channel.
However, it would not be so obvious to obtain the optimal WF
in the presence of channel noise. The following example
demonstrates how the optimal two-tap ZPWF in the presence
of channel noise may be obtained by using the Residual
theorem in (12).

Example 1. The following non-minimum phase ARMA
channels is adopted whose z-transform is

C(z)=1- (+5-z7" _ 1.(1+O.2'z_1).(1+5-z_1)

5.1+06-27") 5 (1+0.6-27Y (5+z7")
Cip(2) Cpp(2)

which may be decomposed into 7, C4p(z) and Cpp(z) (see

(3)). The two-tap ZPWF is used to compensate for the ARMA

channel whose z-transform is

A(z)=(+a, -z )/(1+a,,-z"') where the tap weights,

(13)

a,, and a, , are both real-valued. The signal-to-noise ratio

(SNR) is 20 dB such that A =0.01. The J,; surface turns out
to be an unimodal with only one global minimum identified by
a “A“ at (a,,,a,,)=(0.6,0.204) yielding J,r =1.0117,
and its two-dimensional contour plot is depicted in Fig. 3(a).
Thus, the z-transform of the optimal two-tap ZPWF in the
presence of channel noise is
At 2)=(1+0.6-271/1+0.204- 271 (14)
This is in contrast to the noiseless case in which the optimal
two-tap ZPWF is A(z)=C;h(z)=(1+0.6-27)/1+0.2-z71),
which is the zero-forcing version of the ZPWF.
Computer simulations were conducted using a binary
phase-shift keying (BPSK) transmitted source to verify (14)
and J,p =1.0117 by using the algorithm proposed in [5] to

recursively update the tap weights of the ZPWF by

832

{am(n +1)=ay (n) -, -u(n)-t(n—1) s

ap(n+l)=ap;(n)+p-u(n)-u(n-1)
where (1, is a step-size parameter, and both ay;(n) and
apy(n) were initialized by [az;(0), ap;(0)]=[0, 0] . As

shown in Fig. 3(a), the ensemble-averaged trajectory of the
adaptive tap weights (a,,a,,) of the ZPWF using

U, =0.0005 (green line) over 100 independent

asymptotically converges to the global minimum at
(a,,,ap,)=(0.6,0.204) , and its corresponding ensemble-

runs

averaged OE asymptotically approaches J,p =1.0117 as
shown in Fig. 3(b).

2
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Fig. 3(a). The ensemble-averaged trajectory of adaptive tap weights
(ay,»a, ) over 100 independent runs on the two-dimensional contour plot of

Jor surface.

1.15

—+— Two-tap adaptive ZPWF, wy = 0.0005

Ensemble-averaged OE

0 2 4 6 8 10

Iterations (n) x10°

Fig. 3(b). The resulting ensemble-averaged OE over 100 independent runs
using the adaptive ZPWF corresponding to Fig. 3(a).

IV. PREFORMANCE OF EQUALIZERS WITH OR WITHOUT WF

The BE employs the CM criterion [1], [2] to minimize the
cost function

Jew = E{I 0 P =RP}, R2 E{ s [}/ E{ st} (16)
In order to express the equalizer output y(xn) in (16) in terms
of {s(n)}, it is necessary to define the channel convolutional
matrix and vector-valued impulse response of equalizer F'(z)

first. If the WF has been used as the pre-processing filter of
the BE as demonstrated in Fig. 2, which is referred to herein
as the combined WF-BE system, whose z-transform may be

approximated by using an Ng’ -order MA model

~ N ~ _
D(z)=Y 2 dy =" = A(z)- B(z) (17)
whose vector-valued impulse response may be defined as
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~ - ~ T

d=[d, - dy, | (18)
Similarly an arbitrary ARMA channel model in (1) may be
approximated by an M ’Ch -order MA model

~ Mg . -

C2)=) &z =C(2) (19)
whose vector-valued impulse response may be defined as
é=[& - é, | Then, a (M, +N,+1)x(N,+1)

convolutional matrix C of the linear system relating s(n) to

I(n) in Fig. 1 can be defined by using (19) as follows

g 0 - 0]

ey L0

c=| M (20)
0
T

The equalizer output y(n) can then be expressed by using (4),
(18) and (20) as
y(m)=s"(n)-C-(g-d)+w' (n)(g-d) e2))

where s(n)=[s(n) -+ s(n—Mo—-Np )]T and

w(n)=[w(n) w(n—MC—ND)]T .

channels, sources, and noise are all real-valued, the expansion
of Jc), can then be obtained by substituting (21) into (16)

Assuming that the

4 ~ ~ 14 4 ~ 14
oy =03 (6, =3)|C-(g- D), +307 |C- (-
4 ~ 14 4 ~ 14

b6, -9 + 308 e

) ] k (22)
+602072 ||C (g d>||§ ||g d"i

2 2
=20 K (O‘S

&(g-d)f +03Je-df} |+ ol

where &, =E{|s(n)['}/o! and x,=E{wn)['}/o! ; the

operations ||x||2 and ||x|| , denote the /,-norm and /,-norm of

vector X , respectively, such that ||x||2=1lzk|xk > and
||x|| . =.4/Z X |' . Based on Assumption (A), (22) can be

rewritten as

Jeas = =3 |Gl w30 e
£ 06, =3) -]} 302 ]

1 77~~ . (23)
+603203V -77—4-||Cd||2 "d"2

1
—20'3/(5 -—-(O'f

et G & SR U

If the WF is not employed as the pre-processing filter as
demonstrated in Fig. 4, the cost function J), in (23) can be

~ T
written by replacing vector d directly with b = [bo e by, J

833

and by changing the dimension of the convolutional matrix C
from (M. + N, +1)X(N,+1) to (M. + Ny +1)X(N, +1).

u(n !
r(n) E I g () B(z) (== y(n)
I
RS BE__|
Equalizer ( £'(2))

Fig. 4. Structure of the equalizer, F(z), without WF (or BE alone).

Since the CM surface plotted by using (23), in general, is
known to be multimodal, the adaptive BE may be temporarily
attracted by a saddle point and/or may converge to an
undesired local minimum if an inappropriate initialization is
chosen. The following example analytically compares the
combined WF-BE system with the BE alone system (without
WF) in terms of the convergence speed and the steady-state
performance.

Example 2. Consider the non-minimum phase ARMA channel
adopted in Example 1 in which O'S2 =1 and avzv =0.01 such
that SNR =20 dB . The z-transform of the two-tap BE may be
expressed as

B(z)=bhy+b -z (24)

whose vector-valued impulse response is b =[by, bl]T. The

two-tap ZPWF is used as the pre-processing filter of the BE,
which is referred to herein as the “ZPWF-BE.” Notably, the
two-tap ZPWF is assumed to achieve the optimal solution in
(14) when comparing the ZPWF-BE with the BE alone.
Figures 5(a) and 6(a) show that the CM surfaces of using the
BE alone and the ZPWF-BE, respectively, in terms of the tap
weights of the BE, while Figs. 5(b) and 6(b) show their
corresponding contours.

Fig. 5(a). J¢y, surface plot for C(z) with SNR =20 dB using the BE alone.
2
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15 s Local minima, JCM =0.51784 |

1
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Fig. 5(b). Jy, contour plot for C(z) with SNR =20dB using the BE alone

along with the ensemble-averaged simulation trajectories.
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As demonstrated in Figs. 5(b) and 6(b), the CM costs at the
global minima (identified by “A*) and at the local minima
(identified by “@”) by using the ZPWF-BE are both smaller
than those of their counterparts by using the BE alone since
the ZPWF helps the BE compensate for the amplitude
distortion of the channel. Consequently, the steady-state
performance of the ZPWF-BE is expected to outperform that
of using the BE alone. More importantly, the contours of the
Jewr surfaces shown in Figs. 5(b) and 6(b) demonstrate that
even if the BE in the ZPWF-BE converges to the local minima
owing to a poor choice of initialization, the ZPWF-BE may
still open eye simply because Jy, =0.16451 at local
ZPWF-BE s
Joyr =0.16347 at the global minimum when using the BE

minimum when using the close to

alone. However, it is very unlikely for the BE alone to open
eye when it converges to a local minimum.

Fig. 6(a). J¢, surface plot for C(z) with SNR=20dB using the ZPWF-BE.
2

& Global minma, , JCM =0.16345

1.5 + Local minima, , JCM =0.16451 ||
(ED~
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05 J | S—— 4
. (o))
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Fig. 6(b). Jcy, contour plot for C(z) with SNR=20dB using the ZPWF-

BE along with the ensemble-averaged simulation trajectories.

Computer simulations have been conducted using a BPSK
source to verify the abovementioned results in which the two-
tap ZPWF is recursively updated by using the algorithm in (15),
and the two-tap BE is recursively updated by using the CMA
such that

[%m+n}[%m>

= —_— . 2 —_— . . u(n)
b, hmJ;@ﬂﬂMlRﬂﬂle_Jcﬂ

(n

where iy is a step-size parameter. As depicted in Fig. 5(b),
the trajectories of using the BE alone by initially setting
[66(0), 5 (0)]=[1, O] (green HUp =001 ) and
[65(0), 5(0)]=[0, 1] (brown line, uz =0.01), respectively,

line,

asymptotically global minimum at

[by, b]=[0.89, 0.54] and the undesired local minimum at

converge to the

[by, b]1=[-0.13, 0.55], whereas the trajectories of using the
BE in the ZPWF-BE by initially setting [b,(0), 5 (0)]=[L, 0]
(red Hp =001 ) and
[65(0), b(0)]=[0, 1] (blue line, g, =0.01 and xz =0.01),

line, u,=001 and

respectively, asymptotically converge to the global minimum at
[by, £1=[0.89, 0.19] and the undesired local minimum at
[by, b]1=[-0.18, 0.89], as depicted in Fig. 6(b). Figure 7
demonstrates the ensemble-averaged symbol error rates (SERs)
corresponding to the four ensemble-averaged trajectories over
1000 independent runs shown in Figs. 5(b) and 6(b). Figure 7
confirms that the ZPWF-BE was indeed capable of opening
eye even when the BE converged to the undesired local
minimum (see also Fig. 6(b)) owing to a poor choice of
initialization, where eye opening herein is defined as
SER <1% (or log;y(SER) <-2) [14], though it took a little

longer to do so as compared with its convergence to the global
minimum with an appropriate initialization. However, the use
of the BE alone converging to the undesired local minimum
was unable to open eye as depicted in Fig. 7. Furthermore, the
rate of convergence of the BE in the ZPWF-BE converging to
the global minimum is faster than that of using the BE alone as

it converges to the global minimum.

A beeeeeeoooceeaen]

P —a—ZPWF-BE, [b,(0), b,(0)] = [1, 0]

' —s—ZPWF-BE, [b,(0), b, (0)] =[0, 1]
b, 0] =[1, 0]

1=00.1]

—@—BE alone, [bD(O

0

log,(SER)

Y| —— S ¥ S— —

i i i

50 100 150 200
lterations (n)

Fig. 7. Comparison between using the BE alone and using the ZPWF-BE in
terms of ensemble-averaged SER with two different choices of initialization for
the BE.
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V. CONCLUSION

Since the CM surface is known to be multimodal, the
adaptive BE with poor choices of initialization may converge
to undesired local minima. Consequently, the use of the BE
alone may result in poor transient and steady-state
performances both of which may be ameliorated by pre-
whitening the input signal by using a WF. This paper conducts
analyses via CM surfaces to demonstrate that even if the BE
based on the CM criterion converges to an undesired local
minimum owing to a poor choice of initialization, the use of
the BE along with a WF may still achieve eye opening,
whereas the use of the BE alone may not. Computer
simulations verify that the WF may not only help achieve eye
opening but also increase the convergence speed of the BE.
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