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I. PROOF OF THEOREM 1

Theorem 1: There exists a unique stationary reputation distribution of the whole population for
any given optimal action rule, and the stationary reputation distribution is P;’s eigenvector with the
corresponding eigenvalue one.

Proof: Let f(\) denote the characteristic polynomial of matrix Py, which is given by

A— ‘Pto,o _‘Pto,l e _PtU,L—l
_Pto,o A— Pt1,1 U —Ptl.L—l
fN) =N -PRf=| . , N : (1
_PtL—l,O _PtL—l,l e A= PtL—l,L—l

With the property of determinant, if the columns from the second to the last of AI — P, are added to
the first column, the determinant is unchanged. Besides, the sum of each row in P is equal to 1, i.e.,

Vi€ {0,1,2,...,L — 1}, there is

L—-1
Z P, =1 )
§j=0
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Therefore, the characteristic polynomial of matrix P is rewritten as

A-1 PtO,l PtO,L—l
A—1 A_Ptl.l Ptl,L—l

) =M -PF|=]| . . 3)
A-1 PtL—l,l )\_PtL—l,L—l

Noticing that the elements in the first column of (3) are all A — 1, we can conclude that A = 1 is a
root of the characteristic equation, i.e., 1 is an eigenvalue of P;. Hence, P; and its transpose must have

an eigenvalue of 1, and the eigenvector corresponding to this eigenvalue is the solution to (12) in [1]. ®

II. PROOF OF THEOREM 2

Theorem 2: The optimal action in (17) of [1] is an ESS if the cost-to-gain ratio c./g satisfies 0 <
Ce/g < % where 77 = S22 Iy, W = wy BN + we P, Guin = min, 3 (Gpm — G f(pym)»
and p' = p(l'). "

Proof: Given the SL s and the LDM where only the outermost I (I € £) rings are not distributed
with RNs, V7, j, the optimal action should be a; = P,. With P, the HN can serve all the RNs. According

to the social norm in (3) of [1], the HN is assigned an immediat reputation 2, ;, = L.

Then let 7 = Zlel I and W = wy BN + w.P, we have

#(ai;) = eq., = eL, 4)
r(aj;) = 1=\ eq, Gri+Xei = (1—NGL: + Ae;, (5)

l
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Fi(a”,a”) (7

= —sdpy — c. P + g77VVZl:1 l[(l_g)GL'LJ”\e?’] + 03> 7k(@im) Ukmdm
k m

= —sdppy — c.P + gnW B ONGL] 4 syir g7 4 6(1 = 0) Y GrnUnm,q”,

where q = [q1, ..., qz] and g7 is the transpose of q.
Vaij # aj ;. if a;; = P] and P/ > P}, we have p(I') = p(l), and thus 7(a; ;) = 7(a; ;), 7(ai ;) = r(a;] ;)
and t(a; ;) = t(a; ;). Since cc > 0 and c. P > c P, is always hold, we have F;(a*,a*) > F(a*,a").
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If a; ; = P/ and P/ < P, denoting p(I') = p, we have

7(aig) = €9, s = €f(o); ®)
r(aig) =1 =N eq, G+ rei = (1= NGy, + Aes, )

1
o) — SHa 0 =G+ 2ei] )

n
and
Fi(a;j,a*) (11)
= —sdpg — c.Pr + QTIWZLL:1 l[(l_AzﬁG””,)’lHei} +0 Ek: %: 7:(@im) Uk;m@m
— —sdpy — coPy + gnW =i =G ront2e] 4 57\U;.q7 + (1= N) Y Gy Um.a™
Combining (7) and (11), we have

Fi(a*,a*) — Fi(a; j,a") (12)

L IA=N[GLi—Gyipy
= —ce(P — Py) + gy == >[77 O] 4 (1= ) S (G — Gy ) U
> —CePhax + gnww

where Gin = ming Y (Grm — G(p)m)-

Then for Fj(a*,a*) > Fj(a*,a*) to be hold, we should have

Pmaxﬁ
> . 13
9/ > T W (13)
|
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